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The Two-Dimensional Two-Component Plasma Plus
Background on a Sphere: Exact Results

P. J. Forrester' and B. Jancovici'' >

Received July 21, 1995

An exact solution is given for a two-dimensional model of a Coulomb gas, more
general than the previously solved ones. The system is made up of a uniformly
charged background, positive particles, and negative particles, on the surface of
a sphere. At the special value I'=2 of the reduced inverse temperature, the
classical equilibrium statistical mechanics is worked out: the correlations and
the grand potential are calculated. The thermodynamic limit is taken, and as it
is approached the grand potential exhibits a finite-size correction of the expected
universal form.
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1. INTRODUCTION

At the special coupling I'= ¢*/kz T =2, where ¢ denotes the magnitude of
the charges, T the temperature, and k, Boltzmann’s constant, the classical
two-dimensional one-component and two-component plasma systems of
point particles can be solved exactly in a number of different geometries. In
the one-component case’* the calculation is based on the Vandermonde
determinant identity and is performed in the canonical ensemble, while in
the two-component case'*"’ it is based on the Cauchy determinant identity
and is performed in the grand canonical ensemble. Also, in the one-compo-
nent case the classical Boltzmann factor at I'=2 is isomorphic® to a
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squared wave function for N noninteracting fermions in two dimensions,
subject to a uniform magnetic field and confined to the lowest Landau
level. The grand partition function of the two-component plasma at I'=2
is isomorphic®’ to the generating functional of the two-dimensional free
Fermi field.

In Sections 2 and 3 we unify the exact calculation of the particle
correlations for one-component” and two-component'”’ plasma systems
on a sphere. This is achieved by introducing a new formalism based on a
determinant identity® which interpolates between the Vandermonde and
Cauchy identities. In fact the formalism is of general applicability in the
sense that it is not restricted to the sphere domain. The exact calculation
is performed in an ensemble with a uniform background charge density of
given total charge —Ng, a given number N of positive particles, and in
addition a variable number M of pairs of positive and negative particles
which is controlled by a fugacity {. In the limit { — 0 the canonical ensem-
ble of the one-component plasma is reclaimed, while in the limit N — 0 it
is the grand canonical ensemble of the two-component plasma which is
reclaimed.

In the infinite-plane system the correlations for the two-component
plasma plus background system at I"=2 are already known from the work
of Cornu and Jancovici,"'” who used the formalism for the two-component
plasma in a field®’ to perform the calculation. This suggests an alternative
approach, considered in Section 4, to the system on a sphere: at the
north pole fix a point charge Ng and then use the formalism of ref. 5. Of
course the north pole becomes highly singular, as we expect that N par-
ticles of negative charge will accumulate about this point. However, due
to the screening of the charge—charge correlations, we would expect this
not to affect the correlations between charges away from the north pole.
In fact, we find that this method reproduces the exact correlations of
Section 3.

The grand potential Q, can be calculated by integration with respect
to { of the expression for the density of negative charges. The large-R
asymptotic expansion of Q is of particular interest, as for a Coulomb
system on a sphere it has been predicted that®

ksT

Qr—0Q, ~
R =] 3

InR (L1)

independent of the details of the plasma. In Section 5, (1.1) is verified.

In the Appendix, it is shown how the partition function for the one-
component plasma on a sphere can be calculated within the formalism
introduced in Section 2.
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2. FORMALISM BASED ON A DETERMINANT IDENTITY
WHICH INTERPOLATES BETWEEN THE VANDERMONDE
AND CAUCHY IDENTITIES

In this section the generalized (with position-dependent fugacities)
grand canonical partition function for the two-component plasma plus
background system at I'=2 will be expressed as the determinant of an
integral operator. This allows the one-component and two-component
plasma systems to be solved using the same technique. We will assume that
the domain is the surface of a sphere for calculating the particle correla-
tions in Section 3. However, the formalism could also be carried through
in the other domains for which the one- and two-component plasmas are
solvable, in particular the disk and semiperiodic boundary conditions.

On the surface of a sphere of radius R, the electric potential created
by a particle of charge ¢ at the angular distance ¥ from it is'*!

¢(¥) = —qIn{[2R sin(y/2)]/I} (21)

where / is an arbitrary length scale (to be taken as unity) and 2R sin(y//2)
is equal to the distance from the particle along the chord. This potential is
indeed the Coulomb potential on a sphere, in the sense that, for a globally
neutral system, the charges generate a total electric potential which obeys
the Poisson equation: the spherical Laplacian of the potential equals —2x
times the charge density.

Representing two particle positions by spherical polar coordinates 6
and ¢ (6 is the angle from the north pole and ¢ is the usual other polar
angle) and similarly 8’ and ¢’, we find that their angular distance y obeys
the identity‘®

a o

2.2
37 (2.22)

sin (g) o —a'B] = BB

where
0 io/? .. 0 — w2 .. ,
a=cos > e®?  B= —isin 2¢ /2 (and similarly o', ') (2.2b)

The coordinates « and f are referred to as the Cayley—Klein parameters.
Consider now a system of N + M particles of charge ¢ with coordinates
specified by Cayley-Klein parameters «;, f; (j=1,.., N+ M), M particles
of charge —g with coordinates specified by Cayley—Klein parameters «;, §;
(j=1,.., M), and a uniform neutralizing background. From (2.1) and (2.2),
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the full Boltzmann factor (including the constants from the background-
particle and background-background interactions) is readily calculated as

1 g+ M
W(N+M, N; r)=<ﬁ> eI‘N2/4 1—[ lﬂjl_r(l+N)
j=1
N+M
X 1_[ |,B}|”N‘” |D|* (2.3a)
Jj=1
where
D:=H15j<k$M(u}‘/;—uj)]vI}Allgj<k$N+M(vk—-vj) (2.3b)
j=111r=1 (uj_vk)
with
uj:=%j and vj:=a—{ (2.3¢)
J i

Thus the generalized grand canonical partition function, with one-body
potentials with Boltzmann factors a(é', ¢’) and b(6, ¢) coupling to the
positive and negative charges, respectively, and with N fixed and M
summed over, is given by

Er(a, b)

s} 1 C?.M ] M
— -z 4M
=Anr 2 M (N+ M)! <2R> R

M=0

N+M o —(1-N) 2.
x[ I1 j d@) sin 9’,<sm—’) j dya(0), co})]
1 0 2 0

P 9[ —I(1+N) .o
f d0,sin(),<sin—2—> f d(p,b(ﬁ,,(p,)] DI (2.4a)
0

i=1°0

where

Ayr=R¥™ <L)Nm e (2.4b)
N 2R d

Actually, the integrals in (2.4a) are divergent, because particles of opposite
sign have a tendency to collapse on each other, as described by the possible
vanishing of the denominator in (2.3b). This divergence already occurred
for the two-component plasma.’”’ From now on, the divergences are to be
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understood as suppressed by some short-distance regularization [see Egs.
(5.3)].

In the case N=0 (two-component plasma) D can be written as a
Cauchy determinant, while in the case M =0 (one-component plasma) D
can be written as a Vandermonde determinant. In the general case we
have!®

D=(—1)MM-1/2det A (2.5a)
where
'1 ............................ l-
U e Vo n
Ullv_l .................... U,Xl_-{-lN
A= 1 1 (2.5b)
U =0, Uy =Dy n
1 _ _ 1
LMM_Ul “M‘UM+N_
and consequently
0o IiA
D|*=d 2.
D =det| o', 0] 26)

where O denotes the (M + N) x (M + N) zero matrix.

Consider now the generalized grand partition function (2.4a) for I'=2
with the substitution (2.6). Suppose we discretize the integrals in (2.4a) by
making the replacements

" LS pmm— ),
L @0, 110, = "Z f( e )
[ dor 110 3 5 (F
(2.7)

)
f:nakmf(w,;...)—+L i f(MQ;")
( )

[, doifigi) > T S (T
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where 0 < v,, v}, v5, v5 < 1. The domain available to the particles now con-
sists of separate sublattices for the positive and negative charges (v,,..., V5
are to be chosen so that no two lattice points overlap). We impose the
constraint that the number of lattice points available to the positive
charges, K\ K5, is N greater than the number available to the negative
charges, K, K. The replacements (2.7) are exact in the limit X,,..., K% — o0,
SO we can write

Ki K2 1 {R\*M
Bla,b]=Ay: MU (M+N)\ 2
2L, b AN_K“K,IJ“,?K&_,% ME__:OM! (M+N)!(2>

M+N (] Kj ) , Py Y\ A= N)
x I] {_, 2. (Sln n(m;{l "))(sm n(";IK’IV]))

1 mp=1

[ <n(m',— v)) 2m(n,— v’2)>}
X — a s ;
1

K, K,

M (] K _ _ —21+N)
L § (e )

=1

2 n(m,—v,) 2xn(n,—v,) 0O IiA
zb< e )}det[w 0] (2.8)

K’

m=1

where the coordinates implicit in A are taken as lattice points according to

the prescription (2.7).
We now make the crucial observation that the expression after the
limit in (2.8) is precisely the expanded form of a single determinant:

Syla,b]=Ay, lim det (11'+[f0 ’BD (2.9)

Ki K} K2, Ky— o iC O

where 1’ is a 2K K5 x 2K K% diagonal matrix with the first N diagonal
entries zero and the rest one, O is the K| K x K| K, zero matrix, and

1
— vl
[K'IK'7 ok ]P= vvvvv

- 2 kY = (11) ..... (K} K3) (2.10a)
[ (CR/2) b, }
R Koy g
_ (R/2)a
=|[o%"a k](/A) (F1 ) (K KS) [—_ o K
[ ST Ko Kot =0 ) L T ks

(2.10b)
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(the upper index on the matrix symbols [ -] labels the rows, while the
lower index labels the columns), where

bjk=Sin[n(j—vl)/Kl]{Sin[n(j_ vl)/ZKl]} —HIEN

xb(n(j—v,)/K,, 2rn{k —v,)/K,) (2.11a)
ae = sin[ z(j' — v))/K 1{sin[ (' —v})/2K" 1} —A=-M
xa(n(j' —vi)/K\, 2n(k' —v5)/KY) (2.11b)

and uy denotes the coordinate u =a/f with 6 and ¢ therein evaluated at
the lattice point 8 ==n(j—v,)/K,, ¢ =2a(k —v,)/K, (and similarly for the
meaning of v;,. in terms of v =a'/f’).
From (2.10) and (2.11) we see that the limit in (2.9) can be formally
taken to give
Z,[a, b] = Ay, det(X) (2.12)

where the operator X acts on vectors
aj
Y= ay (2.13)

f16, 9)
g0, )

and is defined by
Xpi=| Ay (2.14)

where

A,;:fj: d8 sin 0[0‘" do [sin(6/2)]¥ !

x [cot(8/2) ]/~ g(6, ) (2.15a)
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e 7 0 N—-1 0 —1—-N
FO, ¢)=f10, (/))—%L df, sin 8, (sin ?'> <sin 5)

g6, 9,) b8, @)
J g cot(8,/2) e —cot(0/2) e'® (2.15b)

N 9 ) Jj—1 0 N-—1
G0, p)=g(6,0)+i ), aj[cot <§> e""’] <sin 5) a8, ¢)

j=1

iCR 7 ] ) 0] —N-1 ) (_) N-—1
+7L d, sin 0, <sm 7) <sm 2)

jz"d S0, 9)a(0,, ¢,)
P1oot(0,/2) e ™ —cot(0)2) e

(2.15¢)

In the case N=0, the generalized grand partition function (2.12)
reduces to the known expression'® for the grand partition function of the
two-component plasma. In the other limiting case, { =0, corresponding to
the one-component plasma, the resulting expression for the generalized
partition function 1s new; we show in the Appendix how to use (2.12) in
this case to reclaim the result of ref. 2 for the exact evaluation of the parti-
tion function. In the general case N#0, { #0, we have not been able to
compute the grand potential directly from (2.12), but we shall obtain it
from a density computed in the next section.

3. EVALUATION OF THE CORRELATION FUNCTIONS

The fully truncated n-particle distribution functions can be obtained
by functional differentiation of the logarithm of (2.12). Analogous to the
situation in the two-component plasma limit,’> the distributions can be
expressed in terms of functions which play the same role as the Green
functions of ref. 5:

G.\‘|.\‘2((01’ ¢])a (02’ QZ)) :=5S|X2§((H|7 (pl)a (92’ (Pz))
_A.\'|.r3((01’ (pl)’ (02’ qu)) (31)

where s, 5, = *, 6((4,, ¢,), (0, @,)) denotes the Dirac delta function on
the surface of the sphere:

R? J: dl sin 0 J;)-n d(p H(H, (p) 6((0, (p)’ (0” (P’)) — H(0', (P’) (32)
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for any continuous function H(#, ¢), and A, is defined in terms of X !

E{E 2

by
B Opy vevvreeennne N Fy(0,, @5) G\(0, @2) 7]
X-1= :
BLppy =eeneneensee Ayn FN(”Z‘ (ﬂz) GN({)Z' (p2)
SO, @) - S0, 00) AL 0, @) (02,02)) AL_((01, 01), (0, @2))
| gy, @) -gnlly, @) A_L (0, 9,). (01, 92) A~—((0|‘¢|)‘(()zv‘l’z))_

(3.3)
The one-body density of particles of sign s is
PO, @) =G (0, @), (0, ¢)) (3.4a)
the two-body truncated density is
P01, 91), (0, 92))
= =G, ,((01,91), (05, 93)) G,,,((02, 92), (61, 9,))  (3.4b)

and similarly for the fully truncated n-particle distribution.

Due to the rotational invariance of the correlations, it suffices to
calculate pT with one of the particles fixed at the south pole (p], will
then depend on @ only). Thus, from (3.4), it suffices to calculate

G,((6, @), (7, 9")) 1= G, .0, @) (3.5)

From the definition (3.3) of the A4,,,, as elements of the inverse of the
operator X, the definition (2.14) of X, and (3.1), it follows that the func-
tions G_ (0, ¢) and G, , (8, @) satisfy the coupled equations

j"d@ sin 9[2" do [sin(0/2)]7 " [cot(6)2) €1 ~' G, (6, 9)
0 [4]

1/R?, =1

={0/ §=2 v (3.62)
I.{R n . . 0'_’ N-t » —1—-N
G_+(0'1,(p1)+7f dé, sin 0, sin = (sin 8,)
0
2n G, .(0,,9,)

X L o, cot(f,/2) e —cot(0,/2) e

e —1-N
__’i[Sln(gl/z)] e—.i;pl (36b)

" 2R cot(8,/2)
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£ ()] (o)
_ t =L i) hdl ] G,(n)
I‘Zl[co <2 e sin - T

J=
iCR (= ) ALY 6, N—1
+—2—f0 40, sin 4, (sm 7) (sm ?>

Xr" de, G_ (05, ¢,)
o cot(B,/2) e~ "2 —cot(8,/2) e

=0 (3.6¢)

+G++(015¢|)

Also, G, _(0, @) and G __(0, ¢) satisfy the same coupled equations, with
the replacements

G, (0,9)> G, _(0,9), G_,(0,9)>G__(0, p)
rhs. of (3.6a) >0 each;j=1,.,N
r.hs. of (3.6b) - 0 (3.7)

_ ic[Sin(gl/z)]N_l ipL

his. of (3.
rhs. of (3.6¢) ~ == b ot(8,/2)

Let us consider the coupled equations (3.6) for G_, and G, ,. We
observe that these equations permit a solution of the form

G++(0,(/9)=}’++(0) (3'83‘)
G_,(0,p)=y_,(0)e ™ (3.8b)
G;(n) =0, j=2,., N (3.8¢)

Substituting (3.8) in (3.6), changing variables /=cos f in the resulting
equations, and setting

h_ (1)

))“+(0):(1—t)N/3(1+1)”2 (3.92)
h, ()
)’++(9)=“_—1;)TN_—1',73 (3.9b)
then gives the coupled equations
—w-n (!
2 L dishy (1) =5— (3.10a)
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r

h_ (t)+2r=ilR f dtsh, . (t5)
-1

_ I iaenn
i (3.10b)
. . ! h_ (1)
—i.2-WN=h2g it R s +\Us
i () + 2mil f/ dt“—(1+t2)(l—t2)N
F(1=)~""=Yh, (=0 (3.10c)

Differentiating (3.10b) and (3.10c) with respect to ¢, substituting the
first of the resulting equations in the second, and simplifying gives

(1= (O +(N=1D)(1+0)h_ ()= (2a{R)* h_ (1)=0 (3.11)
This is the Gauss hypergeometric differential equation, in the variable
s=(1-1/2 (3.12)
with (in standard notation)
a=—3[N—(N?—4(2r{R)*)'?]
b= ~3[N+(N*—4(2n({R)*)'"]
c=1—-N (3.13)
We note from (3.10c) that we require the solution of (3.11) such that
h_,(s)=o(s""") as s—0 (3.14)
[otherwise the intregral in (3.10c) does not exist; furthermore, (3.14)

ensures that (3.10a) is satisfied ]. The solution of (3.11) with this property

is(ll)

h_,(s)=As"Fla+ N,b+N; N+1;s)
=AsM(1—=s)Fl1—a,1-b;N+1;5) (3.15)

To determine 4, we note from (3.10b) the requirement

h_+(s=1)=%2'+“"/2’ (3.16)

This gives

A iy T —a) U1 —b)

" 2R I(N+1) (3.17)
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Now that 4 _ , is known, the value of &, , follows from differentiating
(3.10b) with respect to s, which gives

1
h, .(s) =mh’_+(s)

1 N-1
- - N: X

Reverting back to the original variable, using (3.12) with ¢ =cos 8, and
then to the original Green’s function, via (3.9) and (3.8), we thus have

_ i i Il —a) I(1-b) <Q> . N<Q>
G_(0,p)=¢ 2R TN+ 1) cos > sin 5

xF(l—a,l—b;N-H;sin2<§>> (3.19a)

and, after a simple manipulation on the I" functions,

N+a)[N+b) . ,_, <Q>
) in

A
G, . (0,0)=n" ( 3

><F<a+N,b+N; N; sin® <g>> (3.19b)

To solve Egs. (3.6) with the replacements (3.7), we try for a solution
of the form

G__(0,9)=y-_(0) (3.20a)
G,_(0,0)=y, _(0)e” (3.20b)
F(m)=0, j=1.,N (3.20¢)

Proceeding as in the calculation of G, . and G__ above, we find

G+——(03 (P)=G_+(9,(P) (3213.)
and
L, Ia+ N+ 1) T(b+N+1) .\ (0
G__(0,0)=n( TN +2) sin 3

xF<a+N+1,b+N+l;N+2; sin? <g>> (3.21b)
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4. ALTERNATIVE EVALUATION OF THE CORRELATION
FUNCTIONS

In this approach, we put on the sphere a uniform background charge
density of total charge — Ng and a point charge Ng at the north pole, with
N fixed. Then, we add a variable number N + M of pairs of positive and
negative particles. We expect that N negative particles will stick to the
north pole, and therefore there will remain the background, N + M positive
mobile particles, and M negative mobile particles, as in the previous
section.

Now, we can use the grand-canonical formalism, with the same
variable number N+ M of positive and negative particles. The charge Ng
at the north pole generates a one-body potential, which can be taken into
account through a charge- and position-dependent fugacity. From (2.1),
when I := g*/ky T= 2, this fugacity is of the form {[sin*(6/2)]*" for a par-
ticle of sign s (s= +1).

The problem on the sphere can be transformed into a problem in the
plane by the same stereographic projection as in ref. 7. Let P be the
stereographic projection of a point M of the sphere, from the north pole,
onto the plane tangent to the south pole. In terms of the spherical coor-
dinates (8, ¢) of M, the complex coordinate of P in the plane is

z=2Re" cot g (4.1

The projection is a conformal transformation, with a conformal weight

@ :=sin> 4 !
e = o=
27 T+ (2[4

(4.2)
That is, an element of length d/ at M and its projection of length |dz| at
P have a ratio dl/|dz| = e®. Also, in terms of the coordinates = and z’ of the
projections of the particles, the pair potential (2.1) becomes

o o

o= —qq’ <ln |z—:'|+5+7> (4.3)

Since each particle interacts with N + M — 1 particles of the same sign
and N + M particles of the opposite sign, the w term in (4.3) gives a total
one-body potential ¢%w/2; for I'=2, this generates a factor ¢~ in the
fugacity. Furthermore, in the computation of the partition function, the
area element dS on the sphere can be expressed in terms of the correspond-
ing area element d’z on the plane as dS = ¢>*d’z. Altogether, the system on
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the sphere with a fugacity {e“*" and the pair potential (2.1) is equivalent
to a system in the plane with a fugacity

A - (49)
A1 AR '

and a pair potential —gq’ In |z—z'|. The N negative particles stuck at the
north pole of the sphere are projected at infinity on the plane.

The formalism for dealing with a plane system with a fugacity depend-
ent on the charge and the position has been set in ref. 5. The n-particle den-
sities can be expressed in terms of Green functions® g, .(r,,r,) (here r;
stands for a position vector in the plane; z;=r;e’”); in the plane, the den-
sities are 2mle“”g.(r, 1), and the two- body truncated densities are
—5,85(200)? e | g (ry,1,)|% They are the stereographic projec-
tions of densities on the sphere, which therefore are

p,=(2nl)e " g (r 1) (4.5a)
pz;.\'g((ol > (pl)w (029 (PZ)) = —SlSZ(ZTCC)Z e—w(l‘l)—w(r:) lg.\'l‘\'g(rls rZ)l2 (45b)

where (0, ¢;) is that point on the sphere which is projected at r;. It is
enough to fix one particle at the south pole and to consider only g_,m(r, 0).

For the present problem, Eq. (2.18a) of ref. 5, with now m(r) = 2rnle“!",
becomes

[(27“:)2 ew(r)+A+e—w(r)A] g++(r’ O)=27TC6(|') (46)
where
o id N

—ple| _ AP G
A=e [ar+r 3 2 w (:)] (4.7a)

) 0 id N

A+= —ip | _ [N

e [ 8;'+ 3 2 w (r)] (4.7b)

Looking for a solution of the form g, , (r,0) =g, ., (r) and changing to the
variable s=sin?(6/2) =" and to the function k(s)=s""’g, ., one
obtains from (4.6)

-

dk dk
s(1 —s) ,+[N N+l)s]ﬁ—(2nCR)2k=0, s#1  (48)

3 In Section 3 of the present paper and in ref. 5, the Green functions have been defined with
different irrelevant phase factors, which do not affect the physical quantities.
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(4.8) is the hypergeometric differential equation. The two solutions are''"
F(N+8)/2,(N—0)/2; N;s) and F((N+96)/2,(N—0)/2;1;1—s5), where
§={N?>—16m%*R*)". The second solution behaves like s™V*! as s = 0;
it would generate in p% (0, n)= —(2n{)*s" ! |k(s)|> an unacceptable
singularity s~ *' as s =sin?*(#/2) - 0, and it must be discarded. Therefore

N+d N—J

g++<r,0)=C+S”/2F< 2 "2 ’MS) 49

From (4.6), near the south pole (r=0, s=1), g, (r,0) behaves like
—{Inr~ —({/2)In(1 —s). The F in (4.9) does have a logarithmic term
since

N+o N-¢
XTI

I'(N)
I((N+9)/2) I(N—9)/2)

x[_zy_.p@;—a)—lp(NT_‘S)—ln(l—s)] as s—1 (4.10)

where I' is the gamma function, ¥ is its logarithmic derivative, and y is
Euler’s constant. The appropriate behavior is obtained by choosing

_TUN+8)2) IUN=8)/2) ¢
C.= ) 3 (4.11)
Then
g++(r,0)~g —2y—¢<N+o>—w<u>—ln(l—S)] as s—1
2 2 2
(4.12)
By a similar calculation, from Eq. (2.18b) of ref. 5, one finds
g__(r,0)= C_sN/2+'F<1 +£2+—5, 1 +NT—5; N+2; s> (4.13)
where
C_=1"(1+(N+6)/2)I“(l+(N—(5)/2)£ (4.14)
I'(N+2) 2
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such that

N+o
¢ (r 0)~§[ —2y—¢(1+—2+—)

—¢<I+NT_6>—ln(l—s)] as s— 1 (4.15)

Finally, from Eq. (2.18c) of ref 5, one finds
((N+38)2)((N—9)/2) C,

— Wi _ 2V12 AN+ 12
g_4(r,0) N 27:CRe (1—-s%)"s
N N5
xF<1+T+6,1+T;N+1;s> (4.16)

Using the Green functions (4.9), (4.13), and (4.16) in (4.5b), one finds

pT (B, m) = _[ncg f((N+5)/iZ§§(N—5)/2) sin”“;—)
><F<NT+6,£2——J;N; sinzg)]z (4.17a)

o7 (6,7)= _[ncz n +(N+5}421\)/£(21)+(N—5)/2) sin~+'§
xF<1+¥,1+%——5;N+z;sinzg>r (4.17b)

T

pl (0, m)y=pT _(0,7)
[_C_I"(l+(N+5)/2)F(1+(N—5)/2) -~

2R T(N+1) cossm3

N ) o\ 1?2
xF<l+—2+—é,l+NT;N+l;sinzz)] (4.17¢)

Thus, we retrieve the correlation functions derived in Section 3, Egs. (3.4b),
(3.19), and (3.21).

It can be easily checked that the limit { — 0 reproduces the one-
component plasma results of ref. 2 and the limit N — 0 reproduces the two-
component plasma results of ref. 7.

The thermodynamic limit giving a plane system can also be studied:
N,R— 0, -0, with fixed background density #5:=N/4nR? fixed
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fugacity (, and fixed distance r =2R cos(6/2). By using one of Kummer’s
relations‘'!

Fla, b; c;z)=(1—z)"’F<c—a, b; c;—) (4.18)

z—1
one can rewnite (4.17a) as

(N —uo) I'a)
iy ¢

><F<oc, N 1— N)J (4.19)
—

pi-{—(")f\l —|:)7a —7!']’2/2]\[0((7“7”_7_)_m

where « = n{?/y. In the limit N — oo, N*I(N —a)/I(N)— 1 and

) N 2/ IN—1/2 2
(npr®) == F<oc, a; N; 1 —W> = e anr) " P W o o(nnr?)  (4.20)

where W is a Whittaker confluent hypergeometric function.*"’ Thus, in the
thermodynamic limit,

Pia,(") = —[n{a+ 1)(7"7"2)—1/2 Win_a, 0(75’7"2)]2 (4.21a)

Similar calculations give
pT ()= —[nal(a+ D(rnr®) "2 W_,,5_, olmnr)]? (4.21b)
pL o (r)=pT =0 2Mlo+ 1)(apr®) "2 W _, \plmygr®)]? (421c)

The results (4.21a) and (4.21b) had been previously obtained* in ref. 10.

5. THERMODYNAMICS

In the present generalized grand-canonical formalism, the basic ther-
modynamic function is the generalized grand potential £2 obtained from the
generalized grand partition function:

Q=—kyThh5 (5.1)

% The sign of the background charge density has been chosen positive in ref. 10, negative in
the present paper. Furthermore, there are sign inconsistencies at the bottom of p. 127 of
ref. 10.

822/84/34-3
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From (2.4a), the density of negative particles is

My 1 . d
PR mR ™= (5:2)

Thus, we can obtain In = and 2 by integrating p _ /{ with respect to (.

The densities p, given by (4.5a) should be independent of r and it is
convenient to compute them at r =0. However, for point particles, g,(0, 0)
is a divergent quantity, as already noticed in simpler cases.**”’ For
obtaining finite densities, we assume the particles to be small hard disks of
diameter ¢ rather than point particles. This regularization'® amounts to
replacing g.(0,0) by g,(0,0). Since ¢ is small, we can use (4.12) and
(4.15), with 1 —s=0?/4R?, in (4.5a), which gives the densities

pL=T [ —2y— \//<N+é> ¢<N25>+21n2—R] (5.3a)
p_=m Cz[ —2y— ¢<1+NT+5>—¢<1+N75>+21n2—R} (5.3b)

Using (1 + x) —{x) = 1/x, one easily checks that p, — p_ is equal to the
background density # = N/4nR>.

From now on, we only consider the case of a large system, using large-
R expansions for fixed values of the fugacity { and the background density
n=N/4nR?. As R becomes large, an expansion of the ¥ functions gives

=Py —
=na[ —2y —¥(1 +a) — In nna?]
o 1 2.0 1
+W[E+a—a¢(a)]+0<ﬁq> (5.4)

where, again, « = n{*/n.

For { =0, & should become the partition function of the one-compo-
nent plasma‘® (the thermal de Broglie wavelength has been taken as
unity)®

N—1 .y I |
22 pl(N—p—-1)

p=0

(5.5)

* Our definition of Z includes the usual 1/N! factor which is not present in the “excess
partition function” defined in ref. 2.
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as confirmed in the Appendix. The corresponding free energy Q(0)=
—f~"1In Z can be expanded'® to give
1

n
— 4n
A0 =R o

%ln [(4nn)'? R] +%—2C’(—1)+O(1) (5.6)

where (' is the derivative of Riemann’s zeta function.
Using (54) in (52) and integrating from {=0 gives the large-R
expansion

1 !
LI 47 R> 2
kBTQ kBTQ(O)-’r aR*n[a(2y + Inwno?) +1In I'(1 +a)]
(X.Z 2000 :
—7—5+j X2 (x) dx + o(1) (5.7)

The quantity (kzT) ~' 2 does exhibit the expected universal finite-size
correction® (1/3) In R. That correction comes entirely from Q(0).

APPENDIX
When (=0 and a=b=1,
=a,b)=2, (A1)

where Z, denotes the canonical partition function of the one-component
plasma on a sphere. Using (2.12), we thus have

ZZ=AN2H}’IC (A.Z)
k

where the product is over all eigenvalues of the operator X. The operator
X again acts on vectors (2.13), except that the component f(6, ¢) is no
longer present. The eigenvectors are therefore of the form

al®
Y= a<,¢> (A.3)
(k)(g’ (P)

and from (2.15) the eigenvalues and eigenvectors are specified by the
equations

Aal®) =i r df sin 6 J.Z" do [sin(6/2)1" ! [cot(0/2) e/~ g'¥)(6, @)
0 0
(A4)
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(j=1,.., N) and

N
4840, 0) =g (0, p) +i Y, ai[cot(6/2) e=**] 7! [sin(6/2)]¥ ' (A.5)

j=1

We look for solutions of the above equations of the form

840, p)=e*?g(6), keZ (A6)
Substituting (A.6) in (A.4) gives
aj‘."’=0, k#1—j (A7)

Aea® =2m'j" d8 sin 0 [sin(6/2)]"
0
x[cot(6/2)]/ "' g0), k=1-j (A.8)
and use of these equations gives from (A.5)

(Le—1) gu(@) =0, k¢ {0, —(N=1)} (A.9a)

and

n AN-1) 0 -2k
(1—A,) A, =27 jo d8 sin 6 <sin g) (cot 5)

ININ+kYI(—k+1)

=4
7 T(N+1) :

k=0, —1,., —(N—1) (A9b)

Equation (A.9a) gives the eigenvalues A, =1 for all k¢ {0.., —(N—1)},
while (A9b) gives a pair of eigenvalues A and A for each k=
0,..., —(N —1) such that their product 1;F 1, is equal to the r.h.s. of (A.9b).

Thus, writing p = —k, we have
i I(N—-p)I'(p+1)
Zy=Ap- 4 Al
274N Eo TN+ ] (A-10)

which is precisely the result (5.5), derived from the Vandermonde
formalism of ref. 2.
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